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Abstract

Distance information is usually obtained from aligned sequences. Computation of dis-
tances plays a crucial role in many aspects of bioinformatics, in particular in phylogenetic
studies. In this paper, we show that any method estimating distances directly from scor-
ing matrices is not consistent. Consistency is the property of a method which guarantees
that given enough data it will construct the correct tree. Then we show how to correct
this problem and to obtain consistent methods from scoring matrices. Following this line,
we give an algorithm to compute the most effective/powerful estimator (the one with the
lowest variance) for distances. Finally we illustrate all the steps of these computations with
a complete example. We derive an optimal scoring matrix to estimate the distances between
human mitochondrial DNA sequences. This optimal scoring matrix is interesting in itself,
as there is quite a bit of interest in estimating the phylogenies of humans based on mDNA.

1 Introduction

1.1 Model of Evolution

The model we consider here is a Markovian model of evolution [1], which assumes that amino
acids mutate independently of each other, with probabilities which depend only on the amino
acids and on the amount of evolution. In mathematical terms we can describe the model of
evolution via mutation matrices: a mutation matrix, denoted by M, describes the probabilities
of amino acid mutations for a given period of evolution.

Pr{amino acid ¢ — amino acid j} = M;; (1)

The value 1 — Mj; represents the probability of mutating away from 7. Amino acids appear in
nature with different frequencies. These frequencies are denoted by f; and correspond to the
steady state of the Markov process defined by the matrix M, that is, the vector f is any of the
columns of M or the eigenvector of M whose corresponding eigenvalue is 1 (M f = f). When
we find a mutation in aligned sequences, we typically cannot distinguish which one mutated into
which, or that a third amino acid mutated into them. This implies a simple symmetry relation
for the entries of M:

fi- Mij = fi- Mj; (2)
M describes mutations over a given period of evolution. In order to proceed, we must quantify

this amount of change in a mathematically meaningful way. Dayhoff et. al.[4] introduced the
term PAM (point accepted mutation) unit.



Definition 1.1 A 1-PAM unit is the amount of evolution which will change, on average, 1% of
the amino acids. In mathematical terms, this is expressed as a matriz M such that 2?21 (1 —

M;;) = 0.01, where f; is the frequency of the i amino acid.

If we have a probability or frequency vector p, the product Mp gives the probability vector after
an evolution equivalent to a 1-PAM unit. After k£ units of evolution (a k-PAM evolution), a
frequency vector p will be changed into the frequency vector M¥p.

The probability for any amino acid X mutating into A and into B is (see Figure 1):
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where d = d4 + dp. This is derived using the symmetry relation 2. We see that the probability
depends only on the sum of the distances, not on each one.
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Figure 1: Amino acids A and B are d PAM apart and originate from a common ancestor x.

2 Dayhoff Scores and Evolutionary Trees

There are many tree construction methods based on PAM distances [8, 9, 11, 12, 2]. PAM
distances are known to be consistent, that is, the more reliable the distances are (usually when
more data is available), the more reliable the tree construction is. If an infinite amount of data
would be available, then the correct evolutionary tree could be constructed [5, 7]. A question
usually posed is, could scores derived from pairwise sequence alignments be used for evolutionary
tree construction? Are they consistent?

To compute scores for aligning sequences, the mutation matrix is transformed into a matrix
termed a Dayhoff matriz. The Dayhoff matrix, D, is related to a 250-PAM mutation matrix by

250)
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The entries in the Dayhoff matrices are the logarithm of the probability that the two amino

acids evolved from a common ancestor as opposed to being random sequences. This results from

the comparison of two events (see Figure 1):

Dap =10 -logy,

a) that the two sequences are independent of each other, and hence an arbitrary position with
amino acid A aligned to another arbitrary position with amino acid B has the probability
equal to the product of the individual frequencies

Pr{alignment of A and B by chance} = fafp (5)



b) that the two sequences have evolved from some common ancestral sequence after some
amount, d4, and dg of evolution.

Pr{A and B descended from a common z} = Z foPr{z — A}Pr{z — B}
= ) fao(MO) 4o (MP) g,
= ) fB(M) 4 (M), p
T

= fe(Mip = fa(M%)pa

Doip = 101ogg (P’I"{A and B descended from a common x})

Pr{alignment of A and B by chance}

2.1 Monotonicity of scores and distances

Naturally we would assume that a lower PAM distance corresponds to a higher score, i.e. a
higher probability that the sequences are related. First we show that this assumption is true
when the lengths of the sequences are the same and we ignore deletions. To verify if smaller
PAM distances correspond to larger scores, we have to look at the expected value of the score
Sp(d) as a function of the PAM distance d. We fix the length of the sequences to be n. The
expected score Sp(d) for each aligned amino acid is:

Expected score as a function of the distance

Expected score S(d)
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Figure 2: The expected score S(d) as a function of the PAM distance d.
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Sp(d)=> fsY Mip-Dap (7)
B=1 A=l

where D 4p is the score of amino acids A and B. If we want the expected score for the whole

sequences, we have to multiply this value by n. Calculating Sp(d) for each d from 0 to 200, we

get the plot in Figure 2.



The function is monotonic and decreasing, meaning that a larger PAM distance d does corre-
spond to a lower score Sp(d). The graph is only a ”visual” proof. To prove this formally, we
have to analyze the derivative of Sp(d) with respect to d. To compute this derivative M? can
be rewritten as:

M?=UAU? (8)

where A is a diagonal matrix containing the eigenvalues of M. In A% each diagonal element is
MY, Sp(d) can now be rewritten as (for any matrix F):

Z /B Z UA'U ") ap - Eas (9)
B=1

if we multiply everything out, then we can rewrite Sg(d) as

Z fB Z Eap Z UpiUg A\ = ZTM (10)
B=1

where Tj; is the i diagonal entry in the matrix T = U™'F ETU (F is a diagonal matrix with
the frequencies Fj; = f;). Its derivative is

20
= TiAlIn); (11)
i=1
and can be computed and verified to be negative for all d in the range 0..250, for the Dayhoff
matrix in [10]. This follows from all the Tj; being positive and all A; < 1.
2.2 All scoring matrices are inconsistent to build phylogenetic trees

Imagine a tree as in Figure 3. In this tree, the PAM distances follow:

dap +dcp < dac +dpp (12)

If scores were consistent to build trees, then the sum of the first two scores must be larger than
the sum of the other two scores (see Figure 3):

Sap +Scp > Sac + Ssp (13)
A c A c
B D B D
dAB + dCD < dAC + dBD

Figure 3: If Dayhoff scores are consistent, then Sap + Scp > Sac + Sep

As we have seen the expected score Sp(d) as a function of d is not a straight line, which means
that the scores are not consistent. We now show this with a nice geometrical proof.

Theorem 2.1 dap + dop < dac + dgp does not imply Sap + Scp > Sac + SBp
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Figure 4: For certain types of trees equation 13 does not hold when equation 12 is true

Proof 2.1 To prove this, we construct a tree with four leaves, where two edges are very long
and the other edges are very short (see Figure J on top). We choose the middle edge e to be very
short. We also choose the distances so that dap +dcp = dac +dpp. For simplicity we look at
% of the distances and scores. As you can see in Figure /, both sums of distances are the same:
(dAB + dCD)/2 =170, and (dAC + dBD)/2 = 70.

The scores can be read from the graph. The score (Sac+Spp)/2 = 6.3 is the midpoint of the
line between Syc and Spp. We do the same for (Sap + Scp)/2 = 4.5. This case is simpler, as
both values are the same, so we already have the midpoint. If the graph of S(d) is not a straight
line, there will be points where the sum of the scores at the end will be different than twice the
score at the midpoint.

Now we make e slightly larger than 0 so that (dac +dgp)/2 is now slightly greater than 70,
but the score (Sac + Spp)/2 is still clearly larger than the score (Sap + Scp)/2. Even though
da +dcep < dac +dpp, the condition for the scores, Sap + Scp > Sac + Sep, does not hold.
If the curvature was negative, then we would move (dac + dpp)/2 to be slightly lower than 70.
Unless there is no curvature, i.e. S(d) is a straight line, we can always find a counter example.

The conclusion is: if we use scores derived from Dayhoff matrices to construct trees, we could
obtain incorrect results, no matter how much data is available. In this example, we would decide
to connect leaves AC and BD, not AB and CD. Felsenstein [6] noted a similar result for par-
simony. This means that scores derived from Dayhoff matrices should not be used to construct



evolutionary trees. They are positively misleading in some cases, as is parsimony.

The result is more general, whatever scoring matrix F we use, if the expected score Sg(d) as a
function of d is not a straight line, we can derive counterexamples like the one in Figure 4. As
Sp(d) is a linear combination of exponentials in d, it will never be a straight line. So no scoring
matrix F can give consistent scores usable for constructing trees.

2.3 How to Make Scores Consistent

As it turns out to be, making scores consistent is quite straightforward. For any scoring matrix £
for which Sg(d) is monotonic we can invert Sg(d). Our distance is computed using the inverse,
i.e. d* = S;'(X/n) where X is the actual score obtained from a pair of aligned sequences (a, b).

n
X = Z Eq, b,
=1

For n sufficiently large, X/n converges to its expected value Sg(d) and d* converges to d. Since
Sp(d) is a sum of exponentials in d, it is generally not possible to invert it algebraically. The
computation of the inverse has to be done numerically. Let

20 20
S%(d) = Z /B Z M,%BEIIZB
B=1 A=1

be the k' moment of the scoring matrix E. The central moments of X/n are:

E[X/n] = Sp(d) (14)

o2 (X[n) = E[(X/n — Sp(d))?) = LG5 _ (15)
E[(X/n _ SE(d))S] — S;’;(d)—35%(d)nS'2E(d)+25E(d)3 — % (16)
E((X/n — Sp(d)*] = O@l=+/2)) (17)

3 Deriving the Optimal Scoring Matrix

Our next goal is to construct a scoring matrix that is optimal to estimate distances. An optimal
estimator (scoring function) has the smallest variance. Let d* = S;'(X/n) be our estimate of
the distance using X. To compute the expected value of d* and its variance, we use the Taylor
expansion of S;.'(X/n) around Sg(d). These computations were done with a computer algebra
system (Maple [3]), they are too tedious and error prone to be done by hand.

Y
Sy (X/n) = S, (SE(d) + (X/n — Sp(d)Sy" (Se(d)) + (X/n — sﬂ&ﬁw
O((X/n - Sg(d))?)

The derivative Sgl,(SE(d)) is S';UJ)’ because for any functions f(z),g(z), where f(g(z)) = =,
E

the derivative f'(g(z)) = g,%m). The second derivative SEIN(SE(d)) is —5’3((;;)3,
E

+ (18)

1 2 Sp(d)

i (X/n) = d+ (X/n — SE(d))m — (X/n = Sg(d)) 7 +O0((X/n = Sg(d))®) (19)

25,(d)



Taking expected values we find that

"

* Sg(d
Bld'] = d+ B[X/n — Su(d)] gy — B(X/n — Sp(d))] 58 G5 + O55) (20)
Sp(d
= d —0*(X/n)52F 55 + O(i) (21)
S2.(d)—Sp(d)® S(d)
=d— 2B zsi(d)ﬁo(#) (22)

since E[X/n — Sg(d)] = E[X/n] — Sg(d) = 0. Notice that when n — oo then E[d*] — d and
hence E[d*] is an unbiased estimator (we could correct it to any order of n if desired). The
variance o2(d*) = E[(d* — E[d*])?] can be derived as follows: with the asymptotic value of E[d*]
we compute the Taylor series of (d* — E[d*])? in powers of (X/n— Sg(d)). Then we take expected
values, replacing the powers of (X/n — Sg(d))* by the central moments described in equations
17,18 and 19. Truncating after two terms we obtain

n
" S (d 2 !
S'p(d) (%)“wss}g(d)?)

) = i OG e

The most effective/powerful estimator is the one among all possible estimators which has mini-
mal variance. Since the variance is

F@) o

() = "Dy () (21)

where
_p2 _ Sp(d) - Se(d)?
(d) =3 2 " (d)2
Sg(d) Sp(d)
we will compute F so that it minimizes F'(d). This will give us asymptotically (in n) optimal
estimators. We have several choices for the minimization: we can derive the best E for

(25)

e a given distance d, e.g. min F'(d).
ij

e a norm over a range of distances, e.g. for d = 0..200, i.e. r%in f0200 F(t)dt.
ij

e the minimax over a range of distances, i.e for d = 0..200, i.e %indr%aécooF(d).
ij a=0..

There is no hope of finding a closed formula for this optimal E, but the first and second cases
can be computed numerically without much difficulty.

3.1 Degrees of Freedom

Because our model of evolution is symmetrical, (equation 2) F must be symmetric. It is also
easy to see that if we replace Ej; by aF;; + 8 then F'(d) does not change (both numerator and
denominator are multiplied by o). Before we do any minimization it is convenient to eliminate
these two degrees of freedom. This can be done by arbitrarily setting two values of FE, e.g.
Ejy = —1 and Ej3 = 1. By setting a diagonal element negative and an off diagonal element
positive, the function Sg(d) becomes monotonically increasing.



4 Example of optimal scores for mitochondrial DN A

We will compute the optimal values to estimate distances for human mitochodrial DNA se-
quences. We will follow in detail all steps of the computation. For compactness we use DNA
instead of amino acids, as all the matrices and vectors are of dimension 4 instead of 20.

We use as source data the 89 complete mitochondrial human genomes used for Eve’s tree.
[?] At this point we will ignore the fact that some of the mitochondrial DNA is coding DNA
and hence a more sophisticated method, which considers the individual codons, should be used.
The source data can be summarized by a count matrix of selected alignments of the sequences.
This count matrix is obtained by adding 1/2 at C;j; and Cj; every time that we align a base ¢
against a base j. The count matrix is symmetric. The bases are numbered: A=1 C=2 G=3
T=4 for indexing in the matrices.

6764069 1890.5 16503.5 1270.5
1890.5 6847226  360.5 20608
16503.5  360.5 2868325  120.5
1270.5 20608 120.5 5404882

Because there is little mutation among the mitochondrial DNA of humans, the count matrix is
strongly diagonally dominant.

The first step is to compute the mutation matrix (at 1 PAM) from these counts. This is done
by normalizing the count matrix so that each column adds to 1 and then powering the matrix
to a suitable power so that the resulting matrix is 1-PAM. The M matrix satisfies the normal
properties: the columns should add to 1 and the pseudo-symmetry condition f;M;; = f;M;;.

0.9922  0.0007446  0.01540  0.0006339
0.0007541  0.9910  0.0003402  0.01023
0.006548 0.0001429  0.9841  0.00006149
0.0005071  0.008084 0.0001156 0.9891

The frequency vector can be computed from the eigenvector of M whose eigenvalue is 1 or from
the first row/column of M (f; = 57—~ 3737 S M/ ) or from the initial count matrix C. All methods

give the same results. Since the frequencies f can be derived from a mutation matrix M, only
M 1is needed to do all these computations.

f1=.3088 fo=.3128 f3=.1314 f,=.2471

The matrix M is 1-PAM, as can be checked by computing:
4

Z fi(1 = My;) = 0.01
i=1

The eigenvalues of M are
A1 =1.0000 Ay =.9982 A3 =.9809 X4 =.9773

In this case we want to find the optimal scoring matrix for d in the range .1 < d < 10. This
means that instead of minimizing the function F'(d) (eq 25) for one particular distance, we will



minimize its average (integral) over the given interval. After setting Ej; = —1 and Ej2 = 1 and
numerically minimizing [ 10 F(t)dt on the rest of the F;; unknowns, we obtain:

—-1.0 1.0 0.9618  1.004

1.0 —-1.001 1.044 0.9701
0.9618 1.044 —1.006 1.155
1.004 09701 1.155 —1.002

This minimization is the most difficult computational step. In this case it was computed using
Maple [3]. From these values, using equation 10, we can compute

S(d) = —.552909 — 367207 — .5452)\% + .4634
The derivative of S(d) with respect to d is:
S'(d) = .001002\9 4 .008411X¢ +.01051\9

and we can see that all the terms are strictly positive, so that the function is strictly monotonic
for all d. This makes computing the inverse of S(d) quite easy, even though it has to be done
with a numerical method. The second moment of £ (needed to compute the variance of the
estimator) is:

S%.(d) = —.04637)\ +.01677\% + .0170\3 + 1.016

The scoring matrix £ and the function S(d) are all what we need to estimate PAM distances
between sequences in an optimal way.
Suppose we have aligned these two sequences:

GCAGTGTCT
GTAGAACCT

The score for this alignment using E divided by it’s length is
w/n = (E33 + E24 + E11 + E33 + E41 + E31 + E42 + E22 + E44)/9 = —.1233

From this value, and using any numerical method, we can find the unbiased estimate of the

distance, d* which satisfies the equation S(d*) = —.1233. The solution is d* = S~ 1(—.1233) =
2 2
97.26. The variance of the estimator (eq 24) is % ~ 9525.7. The variance is very large,

and so is the standard deviation (97.60), which is not unexpected for such a short alignment.
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